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Abstract
We study the instability of the 4D charged Einstein-Gauss-Bonnet-AdS black holes by exploring
the quasinormal modes of a charged massless scalar perturbation. We find that the instability is
triggered by superradiance. The black hole becomes more unstable when increasing the Gauss-
Bonnet coupling constant or the black hole charge. Meanwhile, increasing the AdS radius will
make the black holes more stable. Moreover, we find that the system is more unstable for larger
perturbation charge. The modes of multipoles are more stable than that of the monopole.
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I. INTRODUCTION
The perturbations of black holes are powerful probes to disclose the stability of the black
holes and have been studied intensely for decades. The linear (in)stability of the black hole
can be characterized by the quasi-normal mode (QNM) which has complex frequency. If the
imaginary part of the frequency is positive, the perturbation amplitude will grow exponen-
tially and implies instability. They provide the finger-prints of black holes and are related
to the gravitational wave observations [1]. It was found that in four dimensional spacetime,
the black holes, such as the Schwarzschild black holes, Reissner–Nordstro¨m (RN) black holes
and Kerr black holes, are stable under neutral scalar, electromagnetic field or gravitational
perturbations in general [1], no matter whether the black holes are in asymptotic flat, de
Sitter (dS) or anti-dS (AdS) spacetimes1. However, the four dimensional black holes could
1 The case for Kerr-Newman spacetime is subtle due to the difficulty of decoupling the variables. Numerical
works support strongly that the Kerr-Newman black holes are stable [2]. But this problem has not been
settled.
2
be unstable provided superradiance occurs [3–5]. The perturbations in higher dimensional
spacetimes and alternative theories of gravity have also attracted many attentions [6].
Recently, a novel four dimensional Einstein-Gauss-Bonnet (EGB) gravity theory was
proposed in [7], in which the Gauss-Bonnet coupling constant was rescaled by α→ α/(D−4)
in the limit D → 4 and then novel black hole solutions were found [8, 9]. This has stimulated
a lot of studies, as well as doubts [10–16]. Nevertheless, the novel black hole solutions can
also be derived from more rigorous route, such as from the conformal anomaly and quantum
corrections [17], or from the dimensional reduction of higher dimensional EGB gravity [10].
Thus it is worth to study the perturbations of these novel black hole solutions. In fact, the
stability of the novel four dimensional black hole has been studied from many aspects [11].
We studied the charged scalar perturbations of the novel 4D charged EGB black holes in
asymptotic flat and dS spacetimes in [12, 13], respectively. It was found that the charged
black holes in asymptotic flat spacetime are always stable under charged scalar perturbation,
while those in asymptotic dS spacetime suffer a new kind of instability where not all modes
satisfying the superradiant condition are unstable. In this paper, we study the charged
scalar perturbation of the novel 4D charged black hole in AdS spacetime. We find that the
black hole suffers instability and all unstable modes satisfy the superradiant condition.
This paper is organized as follows. In section II, we describe the novel 4D charged EGB
black hole in AdS spacetime and the parameter region in which there is always the event
horizon of the black hole. In section III we describe the method to calculate the quasinormal
modes of the novel charged black hole under charged scalar perturbation. In sections IV, we
study the effects of the Gauss-Bonnet coupling constant, black hole charge and cosmological
constant in detail. Section V is our discussion.
II. 4D EINSTEIN-GAUSS-BONNET GRAVITY
The action of the D-dimensional charged EGB gravity with electromagnetic field Aµ in
the AdS spacetime is
S =
1
16pi
∫
dDx
√−g
[
R− 2Λ + α
D − 4G
2 − FµνF µν
]
, (1)
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where g is the determinant of the metric gµν , R the Ricci scalar, and Λ the cosmological
constant. The electromagnetic tensor Fµν = ∂µAν − ∂νAµ. The Gauss-Bonnet term
G2 = R2 − 4RµνRµν +RµναβRµναβ, (2)
where Rµναβ is the Riemann tensor and Rµν the Ricci tensor. We have rescaled the coupling
constant α in (1) by a factor 1
D−4 . The equation of motion can be obtained by varying the
action with respect to gµν ,
Gµν +
α
D − 4Hµν = Tµν + Λgµν . (3)
Here Gµν is the Einstein tensor and the GB term gives rise to
Hµν = 2(RRµν − 2RµσRσν − 2RµσνρRσρ −RµσρβRσρβν)−
1
2
gµνG2. (4)
In general, Hµν vanishes in four dimensional spacetime and hence does not contribute to the
dynamics. However, it was proposed that the GB term contribution Hµν in four dimension
might play a role in dynamics by the rescaled GB coupling constant α
D−4 [7]. The stress
tensor of the Maxwell field in (3) is
Tµν =
1
4
(
FµσF
σ
ν −
1
4
gµνFαβF
αβ
)
. (5)
In spherically symmetric spacetime, the electrovacuum solution of (3) is given by
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2(dθ2 + sin2 θdφ2), (6)
where the metric function
f(r) = 1 +
r2
2α
(
1−
√
1 + 4α
(
M
r3
− Q
2
r4
− Λ
3
))
, (7)
and the gauge potential
A = −Q
r
dt. (8)
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Here M, Q are the mass and the charge of the black hole, respectively. When α → 0, this
solution goes back to the RN-AdS black hole. As r → ∞, it approaches the asymptotic
AdS spacetime with an effective negative cosmological constant. Note that the solution (6)
coincides formally with the ones obtained from conformal anomaly and quantum corrections
[17] and those from Horndeski theory [10].
For convenience, hereafter we fix the black hole event horizon r+ = 1. Then the mass M
can be expressed as
M =
1
3
(
3α + Λ + 3Q2 + 3
)
. (9)
To ensure f(1) = 0, there should be α > −1/2. The allowed parameter region can be
determined by f ′(r+) > 0, which implies a black hole with positive temperature. This
requirement leads to
Q2 + α− Λ < 1. (10)
This formula is very similar to the case in dS spacetime [13]. Also, the asymptotic AdS
requires that,
1
2α
(
1−
√
1− 4αΛ
3
)
> 0. (11)
The region plot of the allowed parameter region is given in Fig. 1, from which we can
Q=2Q=1.5
Q= 3 / 2
Q=1
Q=0
0 0.5 1 1.5
-0.5
0
0.5
1
Λ
α
FIG. 1: The allowed region for (10) and (11) and Q > 0. The allowed region for a larger Q is a
subset of that for a smaller Q.
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find that the allowed region shrinks when increasing Q. However, unlike to the case in dS
spacetime, the charge Q is unbounded in asymptotic AdS spacetime here.
III. QUASINORMAL MODES AND NUMERICAL METHODS
We study the stability of this model with a massless charged scalar perturbation ψ that
satisfies,
DµD
µψ = 0, (12)
where Dµ ≡ ∇µ − ieAµ, and e is the charge of the scalar field.
It is more convenient to work under the ingoing Eddington-Finkelstein coordinate when
studying the time evolution of the perturbation, that is,
v = t+ r∗, (13)
where r∗ is the tortoise coordinate defined with dr∗ = dr/f . In this coordinate, the line
element becomes,
ds2 = −fdv2 + 2dvdr + r2dΩ22. (14)
The Maxwell field in Eddington-Finkelstein coordinates is,
A = −Q
r
dv, (15)
where we get rid of the spacial component of the gauge field by a gauge transformation.
The equation of motion (12) is separable by taking the following form,
ψ =
φ(v, r)Ylm(θ, ϕ)
r
. (16)
Inserting (16) into (12) we have,
f∂2rφ+ f
′∂rφ− 2ieAv∂rφ− ieA′vφ+ 2∂v∂rφ+ V (r)φ = 0, (17)
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where the prime ′ denotes the derivative with respect to r, and the effective potential is
V (r) = −f ′(r)/r − l(l + 1)/r2. (18)
In order to implement the frequency analysis on (17), we let
φ(v, r) = φ(r)e−iωv, (19)
and (17) becomes
f∂2rφ+ f
′∂rφ− 2ieAv∂rφ− ieA′vφ− 2iω∂rφ+ V (r)φ = 0. (20)
A convenient approach to implement the numerics is to work at z ≡ r+/r coordinate, such
that we can solve the equation of motion in a bounded region z ∈ [0, 1]. This coordinate has
been widely adopted in solving gravitational background solutions and perturbations [19].
Here the ingoing condition at horizon is automatically satisfied by setting ψ = e−iωv. For a
spacetime with an asymptotic AdS boundary, the perturbation can never propagate to the
boundary. Therefore we need to impose that limr→∞ ψ → 0, that is already satisfied in the
expansion (16).
The next step is to find the QNM, i.e. the complex ω = ωR+iωI . When the imaginary part
ωI > 0 the perturbation amplitude grows exponentially with time, and hence is unstable.
The radial equation (20) can be solve analytically only when the frequency or the black
hole size is very small [1]. Several numerical methods were developed to obtain the quasi-
normal modes, such as the WKB method, perturbation method, and iteration methods
[20]. Recently, a new method that re-casts the search for QNMs to a generalized eigenvalue
problem by discretizing the equation of motion, has been proposed and used to that finding
the QNMs [18].
The eigenvalue problem of (20) is non-Hermitian, and the eigenvalues will be complex.
In order to work out ω, we discretize the spatial coordinate with Chebychev Lobatto grid.
Then Eq.(20) translates into a generalized eigenvalue problem as,
(M0 + ωM1) ~φ = 0, (21)
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where M1,2 are all complex-valued matrices. The eigenvalues ω in (21) can be efficiently
solved by Eigenvalues[-M0,M1] with Mathematica. Equivalently, one may also solve
det (M0 + ωM1) = 0 to find the eigenvalues. The resultant QNM is a group of {ω}, and
the dominating QNM is the ω with maximum imaginary part.
Given the algorithm we suggested above, we can now compute the QNMs efficiently.
IV. RESULTS
We study the instability of the 4D EGB model by showing the relation between the
dominant QNMs and system parameters. We first explore the effect of α, Q, Λ on the
QNMs, respectively. After that we study the comprehensive instability structure of the
system by showing the stable region in the allowed parameter space.
A. QNMs vs α
In the asymptotic dS case, the effect of α on the instability depends on the specific
parameter of Q and Λ [13]. It is especially important to find out the role the GB coupling
constant α plays in the instability structure of AdS case here.
We fix Λ = 2/3, e = 1, l = 0 and demonstrate the QNMs vs α in Fig. 2. The real part of
the fundamental mode ωR decreases with α monotonically. Also, by comparing the curves
of different charges Q we find that ωR monotonically decreases with Q. Meanwhile, we can
find that the imaginary part of the fundamental mode ωI first decreases with α and then
increases with α. Also, the ωI increases with Q, indicating that increasing Q will lead to
instability. However, in Fig. 2 where we fixed e = 1, the ωI is always negative, and we did
not find any instability yet. Note that Q = 0.667 is very close to the boundary of the allow
parameter region at Λ = 2/3, α = 1.1. Next, we increase the charge e of the perturbation,
and further explore the instability structures.
We show the fundamental modes vs α at larger perturbation charge e = 4 in Fig. 3.
Apparently, the ωR also monotonically decreases with α, which is in accordance with that
of the case in e = 1. For the imaginary part we find that when Q is relatively small, ωI
decreases with α first and then increases with α (see the blue curve in the right plot of Fig.
3), this is similar to that of e = 1. However, when α is relatively large, ωI can become
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FIG. 2: The left and the right plot are ωR and ωI of the fundamental modes vs α at Λ = 2/3, e =
1, l = 0.
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ωRΛ = 2/3, e = 4, l = 0
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-0.010
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FIG. 3: The left and the right plot are ωR and ωI vs α of the fundamental modes at Λ = 2/3, e =
4, l = 0.
positive and leads to instability here. For larger values of Q, we find that ωI can increases
with α monotonically. For even larger values of Q, the ωI can decrease with α for relatively
large α. In addition to that, we can see that both ωR and ωI increases with Q for e = 4.
It has been shown modes of l > 0 are usually more stable than those of l = 0 [13].
In here we also find similar phenomena. We demonstrate the fundamental modes vs α at
e = 4, l = 1 in Fig. 4. Comparing Fig. 3 and Fig. 4 we can find that ωI for l = 1 case is
smaller than that of l = 0 case, which implies that l = 1 mode is indeed more stable than
that of l = 0 mode. For the real part of the fundamental modes we find that ωR for l = 1 is
larger than that of l = 0.
Next, we analyze the QNMs vs black hole charge Q.
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FIG. 4: Fundamental modes vs α at Λ = 2/3, e = 4, l = 1, where the left and the right plot are
the real part and imaginary part of the fundamental modes relatively.
B. QNMs vs Q
In previous subsection we see that ωI increases with Q by comparing several examples at
different Q’s (Fig. 2 and Fig. 3). Here we explore more comprehensive relationship between
the QNMs and the black hole charge Q. The detailed relation between QNMs and Q at
α = − 99
200
, e = 1, l = 0 is shown in Fig. 5. We can find that both ωR and ωI increase with Q.
Especially, the ωI can become positive when increasing Q, this means that increasing Q will
render the system more unstable. Also, by comparing the data at different values of Λ we
find that ωR increases with Λ, while ωR decreases with Λ. This phenomenon suggests that
increasing the AdS radius Λ will make the system more stable against scalar perturbation.
Λ=0.163Λ=0.226Λ=0.289
0.2 0.4 0.6 0.8 1.0 1.2
Q
0.8
0.9
1.0
1.1
1.2
ωR α = - 99200 , e = 1, l = 0
Λ=0.163Λ=0.226Λ=0.289
0.2 0.4 0.6 0.8 1.0 1.2
Q
-0.10
-0.08
-0.06
-0.04
-0.02
ωI α = - 99200 , e = 1, l = 0
FIG. 5: Fundamental modes vs Q at α = −99/200, e = 1, l = 0, where the left and the right plot
are the real part and imaginary part of the fundamental modes relatively.
Next, we examine the QNMs vs Λ in detail.
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C. QNMs vs Λ
We demonstrate the QNM vs Λ at Q = 1/10, e = 1, l = 0 in Fig. 6. From the
left plot we see that the real part ωR monotonically increases with Λ. For the imaginary
part, when Λ is relatively small, ωI is positive and increases with Λ, the system is always
unstable 2. However, when Λ becomes larger, the ωI reaches its local maximum and then
starts to decreases. When further increasing the Λ the ωI becomes negative and the system
becomes stable. This again certifies that the system becomes more stable when increasing
Λ. Observing the critical points where ωI = 0 we can also find that the system becomes
more stable when increasing α.
α=-0.495α=-0.329α=-0.163α=0.00333
0.04 0.06 0.08 0.10 0.12 0.14
Λ
0.5
0.6
0.7
0.8
ωR Q = 2/3, e = 1, l = 0
α=-0.495α=-0.329α=-0.163α=0.00333
0.04 0.06 0.08 0.10 0.12 0.14
Λ
-0.008
-0.006
-0.004
-0.002
0.002
ωI Q = 2/3, e = 1, l = 0
FIG. 6: Fundamental modes vs Λ at Q = 1/10, e = 1, l = 0, where the left and the right plot are
the real part and imaginary part of the fundamental modes relatively.
Next, we explore the more detailed instability structure of the system in the parameter
space of (α, Q, Λ).
D. Stable Region
In order to determine the instability structure we need to locate the critical points at
which the ωI vanishes. We show a comprehensive stable region in Fig. 7 at e = 1, l = 0.
The effects of system parameters (α, Q, Λ) are simpler than that of the dS case [13]. The
system becomes more unstable when increasing Q or α, while increasing Λ will make the
system more stable.
2 We would like to mention that very small values of Λ, our numerics cannot obtain stable results of the
QNMs. Therefore, we only show Λ > 0.0306122 where our numerics are precise enough.
11
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0.6
0.8
1.0
1.2
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Stable Region
α=-0.4α=-0.2α=0.α=0.2α=0.4
FIG. 7: The shaded regions are the stable regions at e = 1, l = 0, where each curve corresponds
to different values of α marked by the plot legends.
α Λ eQ
r+
ω
−0.4 0.337501 1.25639 1.25639 + 3.56078× 10−7i
−0.4 0.356251 1.28588 1.28588 + 8.14388× 10−8i
−0.2 0.337501 1.19356 1.19355 + 6.51663× 10−7i
−0.2 0.356251 1.21722 1.21722 + 4.84345× 10−7i
0. 0.337501 1.11398 1.11398− 1.03083× 10−6i
0. 0.356251 1.13248 1.13248 + 1.60832× 10−7i
0.2 0.337501 1.02122 1.02122 + 7.20995× 10−7i
0.2 0.356251 1.03673 1.03673− 3.68094× 10−7i
0.4 0.337501 0.919189 0.919191− 5.03797× 10−7i
0.4 0.356251 0.933379 0.933378 + 1.42506× 10−7i
TABLE I: The fundamental modes at several critical points of the stability-instability transitions
corresponding to Fig. 7.
In the unstable region the superradiance condition is always satisfied,
eQ
r+
> ω. (22)
We also find that the superradiance condition is violated in the stable region, and starts to
be satisfied across the critical point where instability occurs. We list the QNMs at several
critical points of the stability-instability transitions in Table I, from which we can find that
eQ/r+ matches perfectly with the real part of the QNMs. This suggests that the instability
from the QNM analysis is triggered by the superradiance instability.
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V. DISCUSSION
We studied the instability of the novel 4D EGB model with asymptotic AdS boundary
by examining the QNMs of a charged massless scalar perturbation. The detailed instability
structure of the model was studied by the QNMs vs system parameters (α, Q, Λ). We find
that the system is unstable against the charged massless scalar when increasing α and Q, or
decreasing Λ. Also, we find that the system is more unstable for larger perturbation charge
e and smaller values of l. Moreover, the superradiance condition starts to be satisfied across
the critical point where instability occurs. This means that the instability is triggered by
the superradiance instability.
Next, we point out several topics worthy of further study. First, it would be interesting
to test the instability structure with a massive perturbation. In addition to the scalar
perturbation, it is also desirable to test the instability for tensor perturbation and Dirac
fields. We plan to study these directions in near future.
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